Abstract. Let (W, S, Γ) be an irreducible finitely presented Coxeter system. The present paper is mainly concerned with conjugacy relation on Coxeter elements in the case where Γ containing just one circle, in particular when Γ is itself a circle. In the cases where Γ is either a three multiple circle or a circle with three nodes, we show that the ss-equivalence relation on Coxeter elements of W is the same as the W -conjugacy relation. An explicit formula is given for the characteristic polynomial of a Coxeter element in the natural reflection representation of W when Γ is a circle. We also give the answers to some questions raised by Coleman and extend some results of Geck and Pfeiffer concerning conjugacy relation in Coxeter groups.
in C(W ) (see 1.3) . Each ss-class of C(W ) is contained in some W -conjugacy class. The study of ss-classes in C(W ) with Γ containing just one circle can be reduced to the case where Γ is itself a circle (Proposition 2.3). Then we describe all the ss-classes of C(W ) when Γ is a circle (Theorem 1.6). Furthermore we show that the ss-equivalence relation in C(W ) is actually the same as W -conjugacy relation in the following two special cases:
one is when Γ is a three multiple circle (Theorem 3.4) , and the other is when Γ is a circle with three nodes (Theorem 4.8). Apply Coleman's ν-function on C(W ) for Γ a circle (see [3] Coxeter systems, we give a negative answer to another conjecture of Coleman (see [3, IX, Question 2]) which proposed a formula for the number of spectral classes in C (W ) in the case when Γ contains more than one circles. In the case where Γ is a circle with three nodes, we deal with the conjugacy problem not just for C(W ), but also for the whole group W . Let (W, S, Γ) be such a Coxeter system, C a conjugacy class in W , and C min the set of all elements of C of minimal length. We show that for any w ∈ C, there exist an nc-sequence x 0 = w, x 1 , · · · , x t (see 4.3 for definition) in C such that (x i ) (x i−1 ) for every i, 1 i t, and x t ∈ C min . We show that for any w, y ∈ C min with w cuspidal (see 4.4 for definition), there exist an nc-sequence inside C min to connect w, y. We also show that for a non-cuspidal conjugacy class C, C min consists of non-cuspidal elements, which are either of length 1 or all contained in some dihedral standard parabolic subgroup of W (see Remark 4.9 (2) ). This extends the corresponding results of Geck and Pfeiffer in [4] .
The content is organized as follows. In Section 1, we introduce the concept of ssequivalence relation in C(W ), and discuss some properties of ss-equivalence in the case where Γ is either a tree or a circle. In Section 2, we reduce the study of ss-classes of C(W ) from the case where Γ contains exactly one circle to the case where Γ is itself a circle. In Sections 3 and 4, we describe the W -conjugacy classes of C(W ) for Γ being a three multiple circle and a circle with three nodes respectively. Finally, in Section 5, we
give a formula for the characteristic polynomial of a Coxeter element when Γ is a circle.
We also give a negative answer to a conjecture of Coleman on the number of spectral classes of C(W ) by providing some counter-examples. §1. ss-equivalence.
Fix a Coxeter system (W, S, Γ). In this section, we introduce the concept of ssequivalence relation in the set C(W ) of Coxeter elements of W . We deduce some properties of ss-classes of C(W ) in the case where Γ is either a tree or a circle. The main results of this section are Lemma 1.5 and Theorem 1.6, which will be used later.
In particular, Theorem 1.6 gives an affirmative answer to a question of Coleman in the paper [3, IX, Question 1].
1.1.
As a node of the graph Γ, we sometimes denote j for s j ∈ S. Let O(Γ) be the set of all the orientations of Γ such that the corresponding digraph contains no directed circle. It is known that there exists a natural bijection between the sets C(W ) and O(Γ)
as follows (see [10] ). To
we associate an orientation Γ w ∈ O(Γ) such that an arrow connecting two nodes j, k is from j to k if and only if the factor s j is on the left of s k in the expression (1.1.1).
Here and later, for any concepts and terminologies in graph theory not explained in the paper, we refer the reader to any graph theory textbook, e.g., [1] .
1.2.
To each w ∈ W , we associate two subsets in S:
L(w) = {s ∈ S | sw < w} and R(w) = {s ∈ S | ws < w}, where is the Bruhat order in (W, S). A node s in Γ 0 ∈ O(Γ) is called a source (resp. a sink), if no arrow of Γ 0 is incident to s at its head (resp. tail). Then the following properties of the correspondence w −→ Γ w can be seen easily.
(1) s ∈ L(w) if and only if s is a source of Γ w .
(2) s ∈ R(w) if and only if s is a sink of Γ w .
1.3.
Suppose that w, y ∈ C(W ) and s ∈ S satisfy w = sys. Then the node s is a source (resp. a sink) in exactly one of Γ w and Γ y . The digraphs Γ w and Γ y can be obtained from one to another by a source-sink exchanging operation at s (or an ss-operation at s in short), i.e., by reversing the directions of all arrows incident to s.
More generally, suppose that there exists a sequence an ss-class).
1.4.
For any sets I, J with I ⊂ J, denote by J I the set difference J − I. In particular, when I = {x} or {x, y}, we simply denote J x := J {x} and J xy := J {x,y} .
A node in a digraph is extreme if it is either a source or a sink. A node in an unoriented graph is terminal, if it has at most one neighboring node, i.e., there is at most one edge incident to this node. 
) corresponding to Γ j . By applying induction on |S| 2, we see that Γ s . This implies that Γ 1 can be transformed to Γ 0 by ss-operations at S ts and hence also by ss-operations at S t .
(2) Next assume that t is a sink of Γ 1 . Let s ∈ S be the unique neighboring node of t in Γ. If s is a source of Γ 1 , then let Γ 2 be obtained from Γ 1 by an ss-operation at s. Now assume that s is not a source of Γ 1 . Let t i , Γ ) by ss-operations at S
2 . This implies that Γ 1 can be transformed to some Γ h ∈ O(Γ) by ss-operations at S st such that s is a source of Γ h . Let Γ 2 be obtained from Γ h by an ss-operation at s.
Then in either case, we go back to the case (1) with Γ 2 in the place of Γ 1 . This implies our result. in an anti-clockwise ordering such that 0 is a source of Γ 0 . Clearly, the sources and sinks of Γ 0 occur alternately in the sequence 0, 1, · · · , n − 1, 0. By our assumption, we can take the nodes i, j, k, 1 i < j < k n − 1, such that i, k are sinks and j is a source in Γ 0 and that i, j, k are minimal with this property . We can define a sequence For w ∈ C(W ) and 0 i n − 1, an arrow in Γ w connecting the nodes i and i + 1 is called a rise (resp. a fall) if it directs from i to i + 1 (resp. from i + 1 to i), where we stipulate n := 0. Let ν r (w) (resp. ν f (w)) be the number of the rises (resp. falls) in Γ w .
Define ν(w) := ν r (w) − ν f (w) (this notation follows from [3] ). It is easily seen that an ss-operation on Γ w preserves the number ν(w).
Let C(W ) 1 be the set of all the elements w ∈ C(W ) with c(Γ w ) = 1 (see 1.5). Given We may assume j = 1 without loss of generality. Let (W, S, Γ) be a Coxeter system. In this section, we consider the case where Γ contains exactly one circle Γ . The result is Proposition 2.3, which tells us that the study of the ss-classes in C(W ) can be reduced to the case where Γ itself is a circle.
2.1.
As above, let S be the vertex set of Γ which generates a parabolic subgroup W 3.1. Recall in [11] that the affine Weyl group of type A n−1 has a matrix presentation
where E hk is the n × n unit matrix whose entries are all zero except for the (h, k)-entry which is 1, and x is an indeterminate. Define the following n × n matrices 
It is easily seen that the characteristic polynomial of w is
). In the present section, we assume (W, S, Γ) to be of rank 3 with Γ a circle. We shall show that in the set C(W ) the ss-classes are the same as W -conjugacy classes. In showing this result, we actually get more: we extend two results of Geck and Pfeiffer to our case concerning the conjugacy in W .
This implies that if
Let S be the set of all the two-elements subsets in S. Denote by o(I) the order o(sr)
of the product sr if I = {s, r}. In order to simplify our statements, we always assume 2 < o(I) < ∞ for any I ∈ S unless otherwise specified.
For any I ⊂ S, denote by w I the longest element in the subgroup W I of W generated by I. Then L(z) = {s, r} and L(sz) = {t, r}. Since (z) = (w) − 1, the element z is another counter-example with shorter length, contradicting the minimum assumption on w. This implies our result.
We also have the right analogue of the above lemma. 
Proof. It is enough to show t / ∈ L(w). Suppose not. Then L(w)
=
An element w ∈ W is cuspidal, if s < w for any s ∈ S. A conjugacy class C of W
is cuspidal, if all the elements in C are cuspidal.
For any w ∈ W and I ∈ S, there is a reduced expression of the form 2)
(1) I j ∈ S for 1 j l.
(2) sw I 1 is the longest element in W I 1 with I 1 = {s, r}.
(3) Let sw I 1 = w I 1 a 2 . Then a 2 ∈ I 2 and a 2 w I 2 is the longest element in W I 2 . In general, if we have known that for some i < l, a i w I i = w I i a i+1 is the longest element in
(ii) If a l+1 z = zr, let y = w I 2 · · · w I l · z, then y is an I 1 -semiconductor with
·yrs,
In the case (5) Recall that in the present section we always assume the Coxeter graph Γ to be a circle with three nodes. 
Proof. There exist an nc-sequence (4. Let j be the smallest integer greater than i with (
By Lemma 4.6, we can replace in (4.7.1) the subsequence x i , x i+1 , · · · , x j−1 by some nc- show that when the Coxeter graph Γ of W is either a tree, or a circle with three nodes, or a three multiple circle (i.e., the case assumed in Theorem 3.4), the second problem for a conjugacy class containing a Coxeter element has an affirmative answer. Now assume Γ a circle with three nodes. By Lemma 4.6, we see that the first problem has an affirmative answer for C a cuspidal conjugacy class of W . In this case, we see from Lemma 4.6 that a cuspidal element w ∈ W is in the set C min for some conjugacy class 
here and later, when we talk about the matrix of w ∈ W , it always means that this is with respect to a fixed simple root basis in the natural reflection representation of W . These weights satisfy the conditions:
Let Γ
the set of all weighted paths ξ : The characteristic polynomials of the elements in the first six ss-classes are equal to So there are two spectral classes in C(W ).
5.8.
Given a connected graph K with n nodes and m edges. Fix a spanning tree of K.
Call the edges which were removed special edges. If one of these edges is put back on the tree then the resulting graph will contain one circle which is called a special circle.
Clearly, we have exactly q = m − n + 1 special circles in K.
In 
